(1.1) l(x(0), x(T)) + \ T L(t, x(t), x{t))dt
)dt Jo subject to (1.4) x(0) = a and x(T) = b .
The class of convex problems of Bolza was introduced in [6] because of its duality properties, and because it could be studied extensively by convexity methods, without resorting to differentiability assumptions. In particular, we showed it was possible, by means of the theory of subgradients of convex functions, to define generalized Hamiltonian differential equations (with multivalued right-hand sides) which serve, along with certain transversality conditions, to charac-412 R. TYRRELL ROCKAFELLAR terize, the optimal arcs in such problems. In a convex problem of Lagrange, the transversality condition is trivial; it reduces to (1.4) .
The generalized Hamiltonian equation for a convex problem of Lagrange is:
(1.5) (-ϊ>(t) , x{t)) e dH (t, x(t) , p(t)) for almost every t , where H, the Hamiltonian function in the problem, is defined in terms of the given Lagrangian function L by
and, by virtue of the convexity of L (t, x, v) in (x, v), H(t, x, p) is concave as a function of x for every {t, p) and convex as a function of p for every (t, x) (see [7, Th. 33.1] ). The symbol dH (t, x, p) denotes the set of all subgradients of the concave-convex function H(t, v) at the point (x, p). Thus dH (t, x, p) is the set of all (u, v) eR
If Hit, x, p) is differentiate with respect to x and p, this set reduces to the gradient of H(t, , ) at (», p), and condition (1.5) reduces to the classical Hamiltonian system:
We showed in particular in [6] that, if x{t) and p{t) satisfy (1.5), the arc x minimizes the integral (1.3) over the class of all arcs having the same endpoints as x, and the arc p has the same property with respect to a certain Lagrangian function M dual to L. The purpose of this paper is to prove some theorems about solutions to the generalized Hamiltonian equation (1.5) , where H is any extended-real-valued function on [0, T] x R n x R n such that H(t, x, p) is concave in x and convex in p. The first task is to deduce an existence theorem for (1.5) from a general result of C. Castaing [1] for differential equations with multivalued righthand sides. This involves an analysis of the regularity of the multifunction (£, x, p) > dH (t, x, p) .
We then study properties of solution arcs (x(f), p(t)) 9 showing in particular that, as in the classical case, H(x(t), p(t)) is constant along such an arc, if H is independent of t and finite in a neighborhood of the arc. 
satisfying z(0) = d and z(t) e F(t, z(t)) for almost every t. Furthermore, if S(d) denotes the set of all such functions z, regarded as a subset of the Banach space (^[0, t 0 ], then S(d) is compact, and the multifunction S: d->S(d) is upper semicontinuous on W.
The upper semicontinuity in condition (b) means, of course, that for every te [O, T] , every zeΩ and every open set V containing F{t, z), there exists a neighborhood N of z such that F(t, z f ) c V for all z' e N. The measurability in condition (c) means that, for every zeΩ and every closed subset C of R m , the set
is measurable.
To prove Theorem 1, we apply Castaing's Theorem to a suitable neighborhood Ω of W in U, with z = (x, p) and
We need only show that conditions (a), (b), (c) and (d) 
every (x, p) e U, H(t, x, p) is finite and summable as a function of te[O, T\. Let K be a compact subset of U. Then there exists a summable, real-valued function a on [0, T] such that (2.8) I H(t, x', p') -H(t, x,p)\£ a(t)\ (a?', j/) -(x, p) \ for every te [0, T], (x, p)eK and (x' 9 p')eK .
Furthermore, for such a function a one has \ (u, v) | ^ ct(t), whenever (u, v) whose convex hull, which we shall denote by P, is a (closed) neighborhood of (a, c) lying in ?7. Choose a positive ε sufficiently small that the set V = {(x, p) 11 x -a I < 2ε and \p -c\ <2e)
is contained in P, and let F = {(x, p) 11 x -a I < ε and | p -c | < ε} .
We shall construct a summable, real-valued function a v on [0, T] such that (2.8') holds.
As the first step, we construct a summable, real-valued function
Let (a?, p) be any point of P such that | p -c | < 2ε. Then p belongs to the convex hull of {p 3 \j = 1, •••, s}, and hence by the convexity of H(t, x, •) we have
Assuming that p Φ c, we have c = (1 -λ)p + λp for
Note that \p -c\ = ε, and hence (x, p) e V and by the argument just given. Since 0 < λ < 1, we have
H{t, x, c) ^ (1 -\)H(t, x, p) + XH(t, x, p)
and consequently
H(t, x, p) ^ X~\H(t, x, c) -I A(ί, x) I)
= e-1 (e+|p-c|)(ff(ί,α;,c) Of course, (2.14) also holds trivially if p = c. The last expression in (2.14) is concave as a function of p, inasmuch as by (2.12). Therefore 
\H(t,x,p)\ T
his holds for any t e [0, T] and (a?, p) e P such that | p -c \ < 2ε. Observe that β(t, x) is finite and summable in t for fixed x by formulas (2.13), (2.16), (2.17) and our assumptions on H.
We now reason similarly in the x argument. Let (x, p) be any point F' Then x belongs to the convex hull of {x { | i = 1, , r}, so that , a;, p) ^ min Jϊ(ί, α; i? p) .
We have \H(t, x i9 p)\ ^ yδ(ί, xj by (2.18), and hence
i=l,. ,r
Assuming that x Φ a, we have α = (1 -μ)x + /^a? for (6 + \x-a\) .
Here \x -α| = ε, so that (», p) e F'; therefore ί, », P) ^ Let (x, p) and (x', p') be points of V. Since
\H(t, x\ p') -H(t, x,p)\^ \H(t, %', p') -H(t, x, p') \
it is enough to show that
The argument is the same for both inequalities, except for the substitution of concavity for convexity, and for this reason we treat only {2.23). Assuming that p Φ p r , we have p' = (1 -θ)p + θp" for
The points (x, p) and (x, p") belong to V, so that I H(t, x,p)\^ β{t) and | H(t, x, p") | ^ β(t) by (2.11). Since H(t, x, •) is a convex function and 0 < Θ < 1, we have
By the same argument with the roles of p f and p reversed, we also> have
and hence (2.23) is valid.
Only the final assertion of Lemma 3 remains to be proved. Let t e {0, Γ], (x, p)eK and (u, v) e dH (t, x, p) . We have
where h is defined by (2.5). As observed in the proof of Lemma 1,. h is also given by (2.7), so that from inequality (2.8) we have
Combining (2.24) and (2.25), we see that \(u, v)\ ^ a(t). 
